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Using a relativistic transport model followed by a statistical sequential binary emission model, the popu-
lation of metastable high-spin isomeric states are studied in relativistic projectile fragmentation reactions.
The initial angular momentum distribution are generated from hole excitations. We ﬁnd that the angu-
lar momentum distribution of the excited prefragments are considerably broadened due to light particle
evaporation. The model reproduces the experimentally measured population of relatively low-lying states
and underpredicts states with high angular momentum I  17h¯. We propose that coupling the spin of
the excited and hole states in the prefragment will give a better understanding of the data.
© 2008 Elsevier B.V. Open access under CC BY license.Angular momentum distribution of fragment residues produced
in peripheral heavy ion collisions at relativistic energies provides
an interesting possibility to study the structure and formation
dynamics of exotic nuclei far from stability. In these reactions,
projectile-like fragments with relatively high spins can be pop-
ulated [1]. The use of projectile fragment separators along with
high resolution gamma detectors offers a wealth of structure in-
formations of these exotic nuclei from prompt as well as delayed
gamma spectroscopic studies [2–5]. Understanding the population
of angular momentum states in peripheral collision is all the more
important in view of the upcoming high intensity radioactive beam
inﬂight facilities. Estimation of the population of states as a func-
tion of angular momentum in fragmentation reactions is however
rather complicated due to contribution from various stages of dy-
namical evolution.
The entire evolution may be described in a two-step model. The
ﬁrst stage is treated within a microscopic transport phase [6,7] that
leads to an excited spectator or prefragment with a ﬁnite angular
momentum. Both the excitation energy and spin of the prefrag-
ment should depend on the number of emitted nucleons, i.e., the
hole states in the Fermi sea, as well as on the excited baryonic
states. The second stage is characterized by slow deexcitation of
the prefragment via sequential binary emission of particles [8,9].
The ﬁnal observables could be inﬂuenced by both these stages.
Due to diﬃculty in estimating the angular momentum of the
fragments, measurements are limited to isomeric states of rela-
tively high spin. The particle stable residue formed at the end of
the second stage subsequently undergo statistical γ cascade down
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Open access under CC BY license.to the yrast line and then along this line to the ground state. If an
isomeric state with ﬁnite spin and lifetime is located on the decay
path, the γ cascade will be held up for the corresponding time
and thus could be studied.
Some progress has been made in the past decade in measuring
the high-spin isomeric states from the tail of the angular mo-
mentum distribution in heavy ion collisions [4,10,11]. The isomeric
ratio for an ideal detector may be written as R = Y /Nimp, where
Nimp refers to the number of (particle stable) implanted heavy ions
with certain spin distribution. Y is the isomeric yield obtained
from γ decay cascade from the implanted heavy ion through the
isomeric state. Such measurements are fraught with diﬃculties
from γ -detection eﬃciencies, in-ﬂight isomer decay, and more im-
portantly on the structure of the isomer [12] and its proximity to
the yrast line [11]. Recently isomeric states with relatively high-
spin, I  17h¯, have been measured in projectile fragmentation from
peripheral 238U + Be collision at E/A = 900 MeV [13].
Theoretically, the macroscopic abrasion–ablation (ABRABLA)
model [6,11,13–15] has been widely used to study population of
isomeric states in projectile fragmentation. The underlying as-
sumption in this model is that only the hole excitations in shell
model level scheme determine the excitation energy and the an-
gular momentum population of prefragments. It has been inferred
that the angular momentum distribution of the fragment remains
unaltered after the ablation (particle evaporation) stage in the
model. The model however grossly underpredicts the population
of high spin states I  17h¯ measured in Ref. [13].
In this Letter we study isomeric ratios in the heavy ion pro-
jectile fragmentation reactions by formulating a hybrid model that
consistently accounts for all the stages of dynamical evolution. The
ﬁrst stage of the heavy ion collision is treated in a relativistic
transport (ART) model [7] that provides the size and excitation en-
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model expression, the angular momentum distribution of the pre-
fragment is obtained. The prefragment then decays via statistical
sequential binary decay (SBD) model [9] till particle stable.
The ART model has successfully described several observables
in heavy ion collisions from SIS to AGS energies [7,16]. Initial radial
density proﬁles of target and projectile are taken to be Woods–
Saxon shapes while the initial momenta of nucleons are generated
in the local Fermi gas approximation. The nucleons propagate in
a nuclear mean-ﬁeld that has been parameterized in the usual
Skyrme type. For the present study we use a soft equation of state
corresponding to a compressibility of K = 210 MeV at a normal
nuclear density of ρ0 = 0.16 fm−3. The ART model includes all
possible baryon–baryon, baryon–meson and meson–meson elastic
and inelastic collisions with explicit isospin degrees of freedom
and invoking Pauli blocking. The model is thus suitable to study
isospin effects in early stages of heavy ion collisions on the popu-
lation of isomeric states.
On completion of the fast transport stage, if NH = AP − AF
number of particles are knocked out from the projectile of mass
AP leaving an excited prefragment of mass AF , then NH repre-
sents the number of holes in the Fermi sea that contributes to
excitation and spin of the prefragment. Slow nucleons NP excited
(above the Fermi sea) due to rescattering are trapped by the mean
ﬁeld also contribute to the excitation. Thus the total excitation en-
ergy E∗F of the prefragment (AF , Z F ) is sum of the energies ε∗ of
these (quasi-)particles measured from the Fermi energy
E∗F =
NH∑
i=1
ε∗i +
NP∑
i=1
ε∗i . (1)
For a large target-projectile mass difference it has been shown
within the ABRABLA model [15] that the angular distribution of
the prefragment can be well approximated by the expression
P I = 2I + 1
2σ 2F
exp
[
− I(I + 1)
2σ 2F
]
. (2)
The spin cut-off parameter σ 2F may be written in a form analogues
to Goldhaber’s formula [17]
σ 2F =
〈
j2z
〉 AF (AP − AF )
AP − 1 , (3)
which depends on the number of excited holes NH = AP − AF and
on the excitation energy of the prefragment via the average square
value of the angular momentum projection 〈 j2z 〉 of a nucleon in the
nucleus. For single particle levels obtained from various potentials
and distributions, the value of 〈 j2z 〉 reduces to a general form [15]
〈
j2z
〉= 0.234
(
1− U
NHεF
)
A2/3P , (4)
where U corresponds to the single-particle contribution to the ex-
citation energy arising solely from the hole excitation of Eq. (1);
εF is the Fermi energy.
For single-particle scheme with the Woods–Saxon potential, the
value of 〈 j2z 〉 was also estimated [15] to be
〈
j2z
〉= 0.16
(
1− 2
3
β
)
A2/3P . (5)
Here β is the quadrupole deformation parameter of the projectile
which for 238U is 0.286. Unless stated, all our results are presented
using the general expression of 〈 j2z 〉 of Eq. (4).
The excited prefragment, assumed to be thermalized, is allowed
to decay by relatively slow sequential binary decay (SBD) [8,9]. Allpossible binary channels from nucleon emission to symmetric ﬁs-
sion are allowed. Underlying the statistical description is the den-
sity of states which is assumed to be the usual Fermi gas type [18]
ρ
(
E∗, I
)= (2I + 1)
(
h¯2
2I
)3/2 √a
12
exp(2
√
aE∗)
E∗2
, (6)
where a = A/10 MeV−1 is the level density parameter and I is the
moment of inertia of the nucleus.
The cross section for the formation of a fragment q =
(A, Z , E∗, I) from collision of two fragments q1 = (A1, Z1, E∗1, I1)
and q2 = (A2, Z2, E∗2, I2) is given by
σ(q1 + q2 → q) = 1
v12
∫
dp
(2π)3
∫
dE∗
2π
2πρ(E∗, I)|Mq1+q2→q|2
× (2π)3δ(p1 + p2 − p)
× 2πδ(E1(p1) + E2(p2) − E)
= 2πμ
p∗
ρ(E∗, I)|Mq1+q2→q|2. (7)
Here v12 is the relative velocity, μ = m1m2/m is the reduced
mass, p∗ is the c.m. momentum, and |M|2 is the matrix element
squared for the fusion, which is averaged over initial and ﬁnal spin
directions. The factor of (2I + 1), associated with the last averag-
ing, has been absorbed into ρ . The nonrelativistic energy of the ith
fragment is Ei(pi) = −Bi + E∗i + p2i /2mi + Erot(Ii), with a rotational
energy Erot, and the binding energy Bi is taken in the liquid-drop
model approximation.
The cross section may be parameterized as
σ(q1 + q2 → q) = π
p2
I1+I2∑
S=|I1−I2|
I+S∑
L=|I−S|
TL(K ), (8)
where K = p2/2μ is the kinetic energy of relative motion. For
a fragment of radius R , the transmission coeﬃcient for the Lth
orbital angular momentum is calculated in the sharp cut-off ap-
proximation, i.e., TL(K ) = 1 for K  VCN + h¯2L(L + 1)/2μR2 and
TL(K ) = 0, otherwise. The Coulomb plus nuclear interaction po-
tential between the fragments, VCN, is taken from Ref. [9]. Eqs. (7)
and (8) allow to extract |M|2 needed to calculate the decay width.
The partial width for decay q → q1 + q2 can in general be rep-
resented as
Γ (q → q1 + q2) =
∫
dp
(2π)3
∫
dE∗1 ρ
(
E∗1, I1
) ∫
dE∗2 ρ
(
E∗2, I2
)
× |Mq→q1+q2 |22π δ
(
E1(p) + E2(p) − E
)
. (9)
As before, the factors of (2Ii + 1) are absorbed into respec-
tive ρ ’s. An excited fragment can undergo three types of bi-
nary decay (i) both daughters are light and cold particles with
(A1, A2)  5, (ii) one of the daughters is light and other a heavy
excited fragment, and (iii) both daughter are excited fragments
with (A1, A2) > 5. In case (i), the level densities are ρi = (2Ii + 1).
From the detailed balance condition, |Mq→q1+q2 |2 = |Mq1+q2→q|2,
we then get the usual Hauser–Feshbach relation [19]
Γ (i)(q → q1 + q2)
= (2I1 + 1)(2I2 + 1)
2πρ(E∗, I)
I1+I2∑
S=|I1−I2|
I+S∑
L=|I−S|
TL(K
∗), (10)
where K ∗ = E∗ − Esep, and the separation energy, Esep = B − B1 −
B2, is the usual binding energy difference.
For case (ii), taking q1 as the light particle, then the decay
width for producing a heavy fragment q2 with spin I2 is obtained
from Eq. (9)
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(ii)
I2
(q → q1 + q2)
= (2I1 + 1)
2π ρ(E∗, I)
I+I2∑
L=|I−I2|
E∗−Esep−Erot(I2)∫
0
dK TL(K )ρ
(
U∗2, I2
)
. (11)
Here ρ(U∗2, I2) is the level density of the residual nucleus q2 with
excitation energy deduced from energy conservation as U∗2 = E∗ −
Esep − Erot(I2)− K . Expanding the logarithm of ρ(U∗2, I2) about the
lower limit to ﬁrst order for small K , the integration in Eq. (11) can
be performed. The total width for this decay mode is then
Γ (ii)(q → q1 + q2) = (2I1 + 1)
2πρ(E∗, I)
∞∑
I2=0
I+I2∑
L=|I−I2|
ρ(U2, I2)T2, (12)
where
U2 = E∗ − Esep − Erot(I2) − VCN − h¯2L(L + 1)/2μR2,
1
T2
= ∂[logρ(U
∗
2, I2)]
∂K
≈
√
a
U2
. (13)
The barrier height is obtained numerically in the two-sphere ap-
proximation.
In case (iii), with both heavy excited fragments, we use the
transition state model [20,21] to calculate the decay width
Γ (iii)(q → q1 + q2) = 1
2π ρ(E∗, I)
E∗−Esad∫
0
dK ρsad
(
U∗sad, I
)
= ρsad(Usad, I)Tsad, (14)
where ρsad is the level density of the conditional saddle point
conﬁguration with an excitation energy, Usad = E∗ − Esad = E∗ −
Esep − Erot(I) − VCN, and temperature, Tsad ≈ √Usad/a. The spin
of the daughter fragments is calculated in the sticking limit, i.e.,
Ii = (Ii/I)I where I is the total moment of inertia. The excita-
tion energy is obtained assuming equal temperature for the two
fragments [8]. The total decay width for all possible mass divisions
provide the basis for our Monte Carlo simulation of each excited
fragment along the decay chain.
In Fig. 1(a) (thick solid line), we show the ART model prediction
for the time evolution of the number of nucleons in the projec-
tile for 238U + Be collision at E/A = 900 MeV [13] at an impact
parameter of b = 6 fm. The initial depletion at times t  11 fm/c
is due to the production of baryon resonances in the participant
region via NN ↔ ,N∗ . A maximum number of 〈〉 = 3.3 and
〈N∗〉 = 0.7 are produced while the total pion abundance satu-
rates at a value of 〈π〉 = 3.0. At a later time, the predominant
decay of ,N∗ → Nπ regenerates the nucleons that are excited.
At times 30 < t < 60 fm/c about seven nucleons on average are
spilled from the projectile that eventually forms a projectile spec-
tator/prefragment consisting of ∼ 228 nucleons. In the following,
the prefragment size (AF , Z F ) and its excitation energy per par-
ticle E∗F [obtained using Eq. (1)] are calculated during the time
interval t = 60–100 fm/c for all impact parameters.
Averaged values of source sizes and excitation energy of the
projectile prefragment for different impact parameters are shown
in Fig. 1(a)–(c). It may be noted that the nuclei of interest (see Ta-
ble 1), originate for prefragments formed at b  5–7 fm. The rms
value of angular momentum Irms of the prefragment calculated us-
ing ART model inputs into Eqs. (2)–(4) is shown in Fig. 1(d). The
spin gradually increases with decreasing b up to 3 fm. For more
central collisions the spin slightly decreases due to the increased
energy deposition in conjunction with the ﬁnite size of the spec-
tator.
In the subsequent deexcitation of the prefragment via SBD, the
total number of particles NT and charged particles NC evaporatedFig. 1. Mass number (a), charge (b), excitation energy per nucleon (c), and r.m.s
value of angular momentum (d) of the projectile-like nucleus formed at different
impact parameter b for 238U + Be collision at E/A = 900 MeV. The results are for
prefragment formed in the ART model (open circles) and the ﬁnal residue formed
on subsequent deexcitation in SBD model (solid circles). The total number of parti-
cles NT and charged particles NC emitted in SBD (c). The thick solid line (a) refers
to the time evolution of projectile nucleons in ART at b = 6 fm.
Table 1
Isomeric ratios of metastable states in peripheral 238U + Be collision at E/A =
900 MeV. The ratios are experimental measurements [13] and theoretical estimates
based on ART model followed by SBD model
Ion Iπ E (keV) Rexp [%] RARTthe [%] R
SBD
the [%]
211Fr 29/2+ 2423 5.7(19) 2.59 10.03
212Fr 15− 2492 7.5(18) 2.24 9.15
213Fr 29/2+ 2538 12(8) 2.65 10.82
214Ra 17− 4147 6.8(23) 0.58 3.20
215Ra 43/2− 3757+  3.1(6) 0.07 0.82
are displayed in Fig. 1(c). At all impact parameters, the decay chan-
nel is dominated by asymmetric decay through light particle evap-
oration leading to a ﬁnal heavy residue. For peripheral collision
the evaporated particles comprise mostly of neutrons. The average
value for the source sizes and the angular momentum of the ﬁ-
nal residue formed below the particle emission threshold in SBD
are shown in Fig. 1. At b  6 fm, the source sizes indicate that for
each nucleon emitted in the ART induces about 27 MeV excitation
energy in the prefragment which subsequently evaporates ν¯  2
nucleons in SBD. This is remarkably similar to the assumption in
the ABRABLA model [11,13]. However, this “ansatz” fails for more
central collisions. On average about NT ∼ 20 particles are emitted
in peripheral collision resulting in ∼ 60% increase in the r.m.s value
of angular momentum. The Irms is seen to increase by a factor of
two for central collisions due to larger particle evaporation.
Angular momentum distribution for two nuclei 211Fr and 215Ra
formed as ﬁnal heavy residue after ART + SBD is shown in Fig. 2.
Also shown are the initial spin distribution of the respective pre-
fragments from ART (with analytical ABRABLA spin approxima-
tion). Considerable broadening of the spin distribution is evident
due to light particle evaporation. A slightly larger broadening is
observed for the lighter nuclei 211Fr as it originates from the rela-
tively more central collision with a higher excitation.
We now compare our hybrid model prediction for the isomeric
ratios with the experimentally measured one [13] for 238U + Be
collision at 900 MeV/nucleon. In our calculation we made the sim-
plifying sharp cut-off approximation [11,13] that all states with
spin I greater than the spin of the isomeric state Im decay via γ
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238U + Be collision at E/A = 900 MeV. The results are for ﬁnal spin distribution (in
SBD) and the initial distribution (in ART). The ﬁnal spin distribution for 215Ra with
the spin cut-off parameter, σ 2F , twice its default value is shown.
cascade into the isomeric state. This may be justiﬁed for isomer ly-
ing close to the yrast line as is the case for these measured states.
The present theoretical estimate thus gives an upper bound as the
isomeric state of interest could be bypassed in the γ cascade if the
state has high excitation, low spin, or if multiple isomers exist in
the nucleus.
The isomeric ratios measured experimentally [13] from γ -ray
transitions along with their properties are listed in Table 1. These
ratios are compared to the model predictions for the ﬁnal iso-
mer (in SBD) and also to the ratios corresponding to the initial
spin distribution (in ART). The initial isomeric ratios from ART
are systematically underpredicted relative to the data. On parti-
cle evaporation in SBD, the broadening of spin distribution leads
to a reasonable agreement with the data within the error limit for
states with I < 17h¯. The enhanced prediction in some states may
be attributed to the sharp cut-off approximation employed that all
states with I  Im decay into it. If the spin cut-off parameter is
evaluated with 〈 j2z 〉 of Eq. (5), the isomeric ratios were found to
differ at most by ∼ 10%.
We note that the highest measured angular momentum state
43/2− in 215Ra is a about a factor of four higher than the up-
per limit of 0.82 predicted in this model. In fact the ABRABLA
code also underpredicts this high spin isomeric state by more
than a factor of ten [13]. Both the ABRABLA code and its analyt-
ical approximation, Eqs. (2)–(4), consider the angular momentum
to originate solely from statistical hole energy in the diabatic ap-
proximation where the spectators are assumed to be unaffected
in the collision [14]. Thus the model completely ignores the effect
of the nucleons in excited states above the Fermi sea. The con-
tribution from both the holes and NP number of excited states
[see Eq. (1)] can be taken into account via the transformation
U/NH → E∗F /(NH + NP ) in Eq. (4). However, the ratios are found
to be nearly identical implying that the spin cut-off parameter σ 2F
and thereby the spin distribution of the prefragment will remain
essentially unaltered. Therefore, based on this total excitation en-ergy per particle transformation, Eq. (1) is not useful to calculate
the total spin contribution from both the excited and hole states.
Alternatively, a direct coupling of the spin of the excited states
above the Fermi sea with the spin of the hole states within an ex-
plicit shell model calculation could be an effective way to increase
the spin of the prefragment. Since this is beyond the scope of our
model, we study the effect by arbitrarily increasing the value of
σ 2F of Eq. (3) by a factor of two. The resulting angular momen-
tum distribution of 215Ra formed after SBD is illustrated in Fig. 2.
As expected the ﬁnal distribution has a larger broadening. The iso-
meric ratio for 215Ra after ART and SBD are then RARTthe = 1.55% and
RSBDthe = 2.97%, respectively. (For 214Ra, the isomeric ratio then in-
creases to 6.96 after SBD.) The ﬁnal yield represents a signiﬁcant
improvement in the description of the data. Comparing with Ta-
ble 1, we note that for σ 2∗F = 2σ 2F , the isomeric ratio of 215Ra is
enhanced by ∼ 20 in the ART stage, while the increment is only
∼ 3 in the ﬁnal SBD stage. This is clearly an indication of satu-
ration of ﬁnal spin distribution in the statistical SBD model that is
guided primarily by the density of states of Eq. (6). It has been also
demonstrated [13] that by coupling the single-particle and collec-
tive states, the data can be reproduced.
To summarize, we have studied within a hybrid model the
isomeric ratios of several high spin states in relativistic projec-
tile fragmentation reactions. The initial stages of the reaction is
treated in a relativistic transport model that leads to an excited
projectile prefragment. A statistical sequential binary decay model
is employed for the deexcitation of the prefragment. The angular
momentum distribution of the prefragment is obtained using an
analytical approximation to the ABRABLA code where the spin is
generated only from the removed nucleons, i.e., from hole exci-
tations. The spin distribution of the ﬁnal residue is signiﬁcantly
broadened due to dominant nucleon evaporation in the binary
decay stage. Compared to the data, the model underpredicts the
population of states with spin I  17h¯. Coupling the spin of the
excited and hole states in the prefragment has been proposed to
give a better agreement with the data.
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